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SUMMARY

A simplified analysis is made of mass lransfer
cooling—-that is, injection of a foreign gas—near the
stagnation point for two-dimensional and arisym-
metric bodies. The reduction in heat transfer is
given in terms of the properties of the coolant gas
and it s shown that the heat transfer may be reduced
considerably by the introduction of a gas having
appropriate thermal and diffusive properties. The
mechanism by which heat transfer 1is reduced s

discussed.
INTRODUCTION

The reduction of heat transfer near the stagna-
tion point of a blunt body (two-dimensional or
axisymmetric) is of primary importance when the
body attains high velocity. One method of cooling
is to introduce gas of high specific heat into the
laminar boundary layer near the stagnation point
and to allow this gas to flow over the nose of the
body so that large amounts of heat are convected
away from the nose.

A number of exact solutions based on various
assumptions of fluid properties are available for
stagnation-point heat transfer with no injection.
(A comprehensive list of these references may be
found in refs. 1, 2, and 3.) It has also been shown
that the variation of the product of density and
coefficient of viscosity across the boundary layer
has an important effect on the heat transfer (ref. 4).

The boundary-layer equations for a binary
mixture are well established (ref. 5) and several
methods are available for the evaluation of the
thermal and diffusive properties of a binary
mixture (ref. 6).

1 Supersedes NACA Technical Note 4391 by Leonard Roberts, 1958,

Exact solutions (refs. 1 and 3) have recently
been obtained for air-to-air injection near the
stagnation point; these solutions have required
lengthy numerical integration techniques and are
necessarily limited to discrete values of the param-
eters involved (for example, the rate of injection
of mass and the viscosity-law assumption).

The purpose of this paper is to present a simpli-
fied analysis by which the effect on the heat
transfer of injection of air, or a foreign gas, may
be found and, also, to show more clearly the im-
portant thermal and diffusive properties of the
forcign gas if it is to be effective as a coolant.
Application of the present method to ablation cool-
ing is made in refercnee 7.

SYMBOLS
r coordinate along wall
Y coordinate normal to wall
2 transformed y-coordinate
Y arbitrary value of y outside boundary
layer
Z arbitrary value of z outside boundary
layer
U component of velocity in z-direction
) component of velocity in y-direction
1% modified velocity component, Z—v
w

free-stream velocity in z-direction
constant in velocity distribution
temperature

mean temperature (eq. (43))
concentration of foreign gas

FNNaQdg
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w mean concentration (eq. (42))

p density of mixture

u coefficient of viscosily

k thermal conductivity of mixture

Dy, coeflicient of binary diffusivity

m rate of mass injection per unit area of wall

¢, specific heat at constant pressure

€, mean specific heat (eq. (47))

Ny Nusselt number

I Reynolds number

Np, Prandt] number

Ns, Schmidt number

q heat-transfer rate per unit area

By velocity-boundary-layer thickness

dp thermal-boundary-layer thickness

Sw concentration-boundary-layer thickness

K function of Prandtl number and Schmidt
number (defined by eq. (40))

11, effective heat capacity of foreign gas

Subseripts:

e external flow, near stagnation point

w wall

¢ coolant, far inside wall
0 no injection

1 foreign gas

2 air

b body

DESCRIPTION OF THE BOUNDARY LAYER

The flow considered is that shown in figure 1.
In the steady state the laminar boundary layer

1’4 v

u

Boundary

Gos loyer-~

Te

Ficure 1.—Flow configuration,

near the stagnation point is a thin layer of fluid in
which the velocity, temperature, and concentra-
tion of the foreign gas vary rapidly from the
external stream values to the wall values. In the
neighborhood of the stagnation point the three
supcerimposed boundary layers (that is, the
velocity, temperature, and concentration bound-
ary layers) have constant, although different,
thicknesses.

It is assumed that the component of velocity
parallel to the wall is linear in z and that the nor-
mal component of velocity, the temperature, the
concentration of the foreign gas, and the prop-
erties of the mixture are all functions only of y,
the distance normal to the wall. (This assump-
tion results directly from the “‘similarity’” nature
of the flow and the absence of thermal and concen-
tration gradients along the wall.) It is also
assumed, consistent with the foregoing variation of
velocity components, that the coolant gas is
injected normally at the wall with a velocity
independent of .

When a given amount of coolant gas is injected,
it diffuses through the boundary layer and is con-
vected with the air, as a mixture, under the action
of the pressure gradient imposed by the external
flow and the shearing stress due to the presence
of the wall. The concentration of foreign gas at
the wall is uniquely determined by the rate of
injection. The extent of the boundary-layer
shielding depends upon the specific heat of the
foreign gas and upon the wall temperature as well
as the coolant and stagnation temperatures, The
shielding also depends upon the manner in which
the coolant gas diffuses through the boundary
layer. The analysis shows the relative importance
of these quantities.

ANALYSIS

The method to be used is as follows: the wall
conditions for coolant injection are formulated in
a simple manner (and the results are justified by a
more detailed consideration of the flow within the
porous wall presented in the appendix); use is
then made of previous “‘exact” results for stag-
nation-point heat transfer with no injection in
order to determine the gross characteristics of the
thermal and viscous boundary layers near the
stagnation point. These results are then used
in a simple approximate integral method to
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determine the cffect of injection on the heat trans-
fer to the wall.

THE COOLANT FLOW

The boundary conditions at a porous wal]
through which a coolant is injected may be ob-
tained very simply by ignoring the presence of the
solid part of the wall; the justification for this is
given in the appendix where coolant gas flow within
the porous wall is considered in more detail.

When the steady flow of coolant toward the sur-
face of the wall is considered, the volume taken up
by the solid wall being neglected, it is seen that
there is a balance of diffusion and convection
which governs the flow of mass and heat within
the wall.

The transfer of mass is given simply by

PU:Pwvw:m (1)

where m is constant.
The diffusion of air inward from the surface is
balanced by the convection toward the surface:

dw . .

—pDugr = (=T ©)

Diffusion of air
from surface

Convection of air
toward surface
since W is the concentration of the foreign gas and
(1— W) is that of air.
Similarly, the transfer of heat is given by

dT

dy
Diffusion of heat
from surface

e (T—=Tom @)

Convection of heat
toward surface

It is important to note here that, even though the
specific heat of the mixture ¢, is given by

ep=Cp  We, . (1—W) 4)

(with ¢,; and ¢, , constant), the value used cor-
rectly in equation (3) is ¢,,;; in unit time the heat
transferred at any point y in a direction away from
the surface is sufficient to raise an amount of
foreign gas of specific heat ¢, through the tem-
perature range 7— T,

Evaluating equations (2) and (3) at the wall
surface gives the following boundary conditions
which are required for the solution of the bound-
ary-layer equations:

aw’
_[PDIZ dy

[+ j‘%l:cp. (Tu— T 6)

Detailed study of the flow within the porous wall
yields the same boundary conditions. (See ap-
pendix.)

=(1=Wy)m ®)

THE BOUNDARY-LAYER INTEGRAL EQUATIONS

The integral equations which deseribe the
transfer of mass and heat in the boundary layer are
derived in a simple way without reference to the
general differential equations.

Consider a small rectangle of height ¥ (Y
greater than any boundary-layer thickness) and
length Az, in which p, W, and T are independent
of x, near the stagnation point of a two-dimen-
sional body. (See fig. 2.) The continuity of mass
may be expressed as follows:

o (T)o(V)Ar + mdr — [ fo ou dy] - [ fu o dyl

Flow in from
external stream

Injection

This equation, in the limit as Az—0, becomes
. d [T
—p(¥)e(Y) +m=(ﬂ o dy )
: 0

When the form U=Cz of the external velocity is
used and it is noted that

d (Y ¥ du

Flow out at Flow in
z+ Az at z
and
u
U

where % is independent of z, then equation (7)

reduces to

—p (D) +i=C [ o g5y ®
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Since the density p is a function of concentration
and temperature, it is convenient to introduce the
quantities

T=2"
Pw
(9
dz=La
o Y
so thal equation (8) becomes finally
) . 7y
—p V@) i Cou [ frdz (0)
o U

Similarly, the equation for the transfer of foreign
gas becomes

7):1, =
Gas injeeted

The equation of heat transfer is written

— el T=TouV@) = (k
Convection of heat

from external stream

The quantity V(Z) may be eliminated from equa-
tion (12) by use of equations (4), (10), and (11);
thus,

Upwﬁ (T, — T)L,l —(A f’T) e, (T~ Tm
(13)

Alternatively, by use of the boundary condition
given by equation (6), equation (13) has the form

4
Cou f e (T,—T) l" dz=c, (T,—Tym (14)
o

The cquations for transfer of heat and mass
near the axisymmetric stagnation point can be
derived in a similar manner and are identical with
equations (10) to (14) where z is again the dis-
tance from the stagnation point along the surface

¥V
but 2=2f L. ay.
¢ Puw

HEAT-TRANSFER RELATIONS FOR NO INJECTION

The rate of heat transfer is first given in terms
of Nusselt number Ny, ., Reynolds number R,
and Prandtl number Np, , for which the usual

AT

Transfer of
heat to wall

Y

~——
—~
X+ Ax
\ X

Fiauvre 2,—Boundary-layer mass balance.

f W d 1)

Gas conv ecte

z U
= prf c,(T—T,) T dz (12)
0

Convection of
heat in boundary layer

definitions near the stagnation point are used:

ATA\'M R T :TL ]v (LT)

_pdlr_Ch
Mw M

and

- M
iNPr,w:k_ Cp,2
w

The rate of heat transfer to the wall with no
injection g, is now

dT
q":(k dy Jw

1 7\ U, 0
TG0 - (), 09

=Cp,2(Te

Exact cvaluation of the dimensionless parameter

= RN’{/';") has been made by many investigators
w 0

(for example, refs. 1, 2, and 4). The following
formulas were found to be in good agreement with
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previous exact results (ref. 1) under the assumption
of constant pu:
For the axisymmetric body,

A,
(%) :[0.765f0.065 (1_%)] Nt (16)
w 0 e

and for the two-dimensional body,

R”';;) [0 570— 006)<1—T>]Vp,w-4 (17)

Alternative expressions, based on the solutions
presented in reference 4 in which pu is not constant,
are as follows:

For the axisymmetric body,

AT 0.4
(?{NF}Q” ) —0.765 (—:Z) Nowatt (18)
0 0 whw

and for the two-dimensional body,

T 0.4
Ch)romm (72 o v

BOUNDARY-LAYER THICKNESS WITHOUT INJECTION

Use is now made of these results (eqs. (16) to
(19)) to determine the thickness §, o of the velocity
boundary layer without injection. Equation (13)
with m=0 i1s written in the form

2&3&9)
RJ% ),

(20)

1 "T-Tu _1(;1.,0”21
pwﬂ ATI’r.w

and linear profiles are assumed for velocity and
temperature in order to evaluate the integral in
equation (20); that is,

Uz
U 64,
(21)
TcmTzl_i
Te‘Tw 5T,0

where 87 ¢ is the thickness of the thermal boundary
layer. The left-hand side of equation (20) is then

2
approximately—é(g”) and equation (20) reduces
u,0

to
6’1‘0 M 1/2 l A?V.Nu,w\) D]
( ) . PwC .AIPT, » ( R )y (2“)

If the value of (W‘%—;‘-’) whenrf’\’p,,wzl is signified

by the superseript (1), then equations (16) to (19)
show that

*;\71 u, w N'u,w n T
(R\;I'/? )0: Tg:i/? A ‘/“Pr,wo;l (23)
This equation shows the effect of the Prandtl

number on the heat-transfer coeflicient. When
Ny, »=1, the thermal and viscous diffusive effects

are similar so that 2”:1; thus, from cquation
u,0
(22)
puC\"2_ (N \V
sun (P25) "6 (), 24)
1/2
The nondimensional thickness 8, 0( wC' 1S NOw
Hw

assumed to be independent of the Prandtl number
(since the momentum equation is only weakly de-
pendent on the Prandtl number); thus, when equa-
tions (23) and (24) are inserted into equation (22),
the following simple result is obtained:

8
2= Np, » " (25)
du

This result is analogous to that for a flat plate
(ref. 8):
Z_::‘VPT.W_I/a
INJECTION OF AIR

Consider now the effect of injection of air into
the boundary layer. The boundary layer be-
comes thicker because of the increase in mass flow
which results in reduced gradients in the boundary
layer. In particular, the heat transfer to the wall
is reduced since the heat convected parallel to the
wall in the boundary layer is increased.

The effect of air injection on the boundary-layer
thickness is given by considering the mass flow in
unit time per unit area, as follows:

L))
cwfu,z
P QL“(Z

. Y 6u,0£ :
= (’p,pj; Udz + m

Mass flow with Mass flow with Mass
injection no injection injected
which gives
1 1 m
=8,=5 b - 2
2 u 2 u,0+ Opw ( 6)

. u .
when linear profiles are assumed for T (that is,
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—=—— (no injection) and

T a,,,

= (m]cctlon))

It is assumed that the relation given by equa-
tion (25) is still true since the ratio of thermal-
boundary-layer thickness to veloeity-boundary-
layer thickness depends on diffusive processes,
that is, on the Prandtl number.

With ¢, ,=c,: equation (13) may be written
by use of equation (15) in the form

2 T—~T u

IsjoT 77 1 4

5. e wo o)
Pu(v APr w R 1/2 (pwﬂwc)llz

Linear profiles for temperature and velocity
(eqs. (21)) and the expressions for &, (eq. (26))
and 6,0 (eq. (24)) arc used to simplify this
equation, with the following result:

l NNu.w=_ . 1 . (*‘\TNu, w)
ATPr. w me" ]\"TPr, w ]‘)wl'f2 1]

— __,1, AT —o.s) _’mw_ 9
(1 3 47\ Pr,uw (pu~l~‘w0>1/2 (-7)

In terms of the rate of heat transfer ¢, equation
27) has the form

1 , .
q = Qo — (1_—3— ATI’r,u'_O'S> Cp.‘z(Ts_ Tw)m
(28)
Heat trans- Boundary-layer shiclding by
fer for no conveetion
injection

The quantity (] —% Np, w'o'ﬁ) (T.—T,) may be

interpreted as the average temperature rise in the
boundary layer of the mass introduced at the wall
surface. An alternative expression of this heat
balance, obtained by using the boundary condition
given by equation (6), is

gi=e W= T+ (1= Now w0 JT= Tl 29)
When g, is expressed in terms of dimensionless

quantities by use of equations (15) and (23),
equation (29) becomes

0.8

(Pwl"wc)l/z
N \® 1 oy (30)
(7), *+3mom
Equation (30) may be used to determine the

rate of injection required to maintain the wall
temperature T, at a given desired value when
T, and T, are specified.

Before proceeding to considerations of injection
of foreign gas, the results given by equation (27)
arc compared with available exact solutions as a
check on the validity of the several simplifying
assumptions that have been made.

Firstly, under the assumption of constant pu,
equations (16) (eq. (17) for the two-dimensional

flow) and (27) are used to give %‘”{/;" as a function
w

of the dimensionless rate of mass injection

m .
————:- A comparison of these results with the
(pursC)'? P

results of references 1 and 3 shows very good
agreement except for the extreme rates of injec-
tion with Prandtl number equal to unity. (See
figs. 3, 4, and 5.)

Secondly, for variable pg, equations (18) (or
eq. (19)) and (27) are used and the results arc
compared with those of references 3 and 4. For
a Prandtl number of 0.71 and no injection reference
4 gives, for the axisymmetric case,

0.4
()-om (2

and the present report gives (from eq. (18))

]\Au w Pelre 4
oo (2]

A comparison of the results obtained by use of
equation (18) with the results of reference 3 in
which the Sutherland viscosity law was used is
presented in figure 6.

The effects of injection are also compared when
pu is variable; again good agreement is found
except for the high injection rates. (See fig. 5.)

With this justification of the assumptions that
have been made, the method is now extended to
take account of the additional effects which
result from the injection of a foreign gas (that is,
gas having properties different from those of air).

INJECTION OF FOREIGN GAS

The mechanism by which air diffuses through
the boundary layer in a binary mixture due to the
concentration gradient is exactly analogous to
that by which heat diffuses in the absence of
viscous dissipation for air-to-air injection. In
this analogy the coefficient of binary diffusivity
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o Ref. 3
———— Present report
5 3\ 5 \\
\ \
\ \
\ \

4 \\ 4 \\

e \ RN
$e \ ile N

\ \
- \ S \
g 3 \ g ]
\ v’
T i \
$ \ g \

s \O er \

\ \
\ \
s \ - \
\ \ ”
\\ \
(G) | JO (b) i \ }
0 5 ) 1.0 0 5 1.0
Rate-of-injection parameter, m Rate-of -injection parameter, m
(PWP'WC)I/E (PW/‘LWC)'/Z
(a) ZT —0. (b) % —0.5.
Ficure 3.—Effect of air-to-air injection on heat-transfer parameter for two-dimensional ease.  Np, =1

Dy, corresponds to the thermal diffusivity -
PCy 2
the Schmidt number NSC:—D—» corresponds to
Ptz
_HCp

Prandtl number A“Y,,,_—k

304005 GO -2

and
equation (11) is rewritten as
the
2 W ou
0 w 17 77 ([Z:
)y W, U

W

The analogy is easily scen when the gas-transfer

! (31)
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/VNu,w
Ry 172
D

T

/

w
T
e

n
~

Heat -transfer parameter,
e

ped Ref. |

\

—— —— Present report {eq. (I16)) \;

(o) ] i \J
0 5 1.O 1.5
Rate -of - injection parameier, n 7
(Puwtiw C)
. - . T
(a) Axisymmetric case. Np, ,=0.7; i 0.05.

Fraure 4.—Effect of air-to-air injection on heat-transfer

parameter.

and compared with the heat-transfer equation for

air-lo-air injection,

2T —-T u m

L ToT, T ST T,

CP w

€ c

The boundary condition at the wall is

—[ppn ‘f};] (1T

which is compared with

k dT X .
s A etk

(32)

(33)

(34)
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The analogous quantities are presented in the
following table:

Binary Thermal
diffusion diffusion
. T.,—-T
" —
. T T,
1 B 1 T
I
. T, —T,
", o
Dy i
PCp,2
Nse Ne,

It may be verified that all the boundary condi-
tions at the wall, in the external flow, and at large
distances into the interior of the wall agree with
the foregoing analogy.

Beeause of the foregoing comparison the fol-
lowing results may be written immediately: from
equation (25),

dw
—::]\’T.Sc,w—-n'3

3, (35)

where 8y is the thickness of the concentration
houndary layer, and from equation (30)

m

AT 0.8 _
w sew (pwwa)”z (96
{8} m 36)

Nu,w

= N 1
ffw‘ﬂ)u 15 Gouial)

Nw,w)“’
1/2
Ry /o

(36) is necessarily that given by equation (18) or
equation (19) since pu 1s NOW a variable quantity
and depends on the concentration of foreign gas
in the boundary layer.

When the gas injected is different from air,
the amount of shielding by convection in the
boundary layer depends critically upon the spe-
cific heat of the gas ¢; 1.

The heat-transfer equation (13) is rewritten, by
use of equations (4) and (6), as

The value of to be used In equation

z
(’pwf [c,,,g+(cp,l—c,,,2)ﬂvl(T8~T)Zu:dz
0 -

:cp.ln.l(Te—Tc) (37)
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5 5
D\ TL::O &\ TL:=O.5
' \
al \ 4\
\
\ \
\ \
3 \ = \
SIS SIS \

[
|
~
w
T
7~

i
T
~
S
T
7~

Heat-transfer parameter,
o
0
Heat-transfer parameter,

Je Ref, | \ 0 Ref. 3
—— —— Present report (eq. (7)) \ 0 O Ref. 9

(b)
1 i ! J

0 5 1.0 0 .5 1.0
m m

— Rate-of - injection parameter, ————
(Pwiu O (Pt €172

(b) Two-dimensional casc. Np,,,,=0.7.
Fraurr 4.—Concluded.

Rate-of -injection parometer,

and the lincar profile

W 2

is assumed.
Substitution of equations (21), equation (38), and the definition of Ny, into equation (37) gives
results similar in form to those for air-to-air injection (eq. (27)):

1 ’\Y u. 7 u,w _ m I m
Ner o« RNU? T w 1{1/2) ( 3! T pr w0 OG)([‘)W 2.1 I{Vbcw')m 39)
where
- 1 [PW T—Tu
IX—G E: . ﬁ Tt—Tw Z"; flo (40)
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S p Ref. |
—— —— Present report {eq. (I7))

o Ref. 3 (Sutherland viscosity low)
\——-—— Present report (eq. (19))

-\

o

L)

Ry 172

\

N\

N/VU w

W

Heat-transfer parameter,
N
T
/ e
o
-

T

/‘7
~

e

Y

i Q@ J
0 5 1.0 1.5
m

Rate-of -injection parameter,

(puwisa C)2

F1gure 5.—Effcet of air-to-air injection on heat-transfer

parameter for two-dimensional case. Np,w==0.7;
Ty -
T,—OO’)

and is a function of Np,, and Ny .
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Tr
61
PN
31" . 5F
£
SIES
®
o 4+
£
2
o
a
5 3f
B
C
°
- _.- Present report,
- 2¢ Ny, P
=] U, W e He 0.4
T G = 0.765 ( Pw Pw) Pr,w
o Ref. 3 (Sutherlond viscosity law)
a Ref, |
1 L I 1 j
0 2 4 K3} .8 1.0
Pele
PwHw
F1GURY 6.— Variation of 2 ARI with 222 Axisymmetrie

vi
R 172 Prttw
stagnation point; no injeetion.

Equation (39) may be expressed in the alternative form

1— K Ns.

Y e,

1—' I\IP, w—O.ﬁ

I=q0—| Cp1i—

The second term on the right-hand side of equa-
tion (41) has the form

le, W+e, ,0—W)T-T,)m

where T, the effective mean concentration of the
foreign gas in the boundary layer, is

1 _132\’ Pr, er.G

and where 7', the mean temperature in the bound-
ary layer, is

T Tﬁ(l —%NP,, u,--ﬂ-ﬁ)( T—T)  (43)

KNy,

Nl’r

—_— (1-*“Npr 1070 6) T Tw) m (41)
1'—43\ Pr.w 0.

In terms of these mean values equation (41)
becomes

g = @ — e, WHhe, ,(1—WUT—Tom
Heat Heat transfer Poundary-layer shiclding
transfer  for no

injection

(44)

Thus, in order to achieve the maximum amount
of shiclding for given temperature conditions
and mass injection, ¢, should be made as large
as possible and, in addition, T should be made as
large as possible; if ¢, ,>¢, > then T should be
large, and if ¢,,,<¢c, 2 then W should be small.
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. . T—T
The variations with Np, , and Ng., of T-T,
' T7.—T,

and W are shown in figures 7 and 8, respectively.
It is seen that W increases as N, , decreases and

T-T, . .
that T“MTE increases as N, , increases.
e 41w

Maximum shiclding in the boundary layer is
therefore achieved when, for ¢, >¢, 2, Np,. ., 18

Lo

Temperature ratio,
™
I

2
1 l ! 1
0 4 .8 |.2 1.6
Prondti number, Ap, ,
. TTy 1
Figure 7.—Variation of o with Np,
1.0
=
5 .8
S
c
8.6
c
3
c
2.4+
E
QO
=
§ 2
]
O 1 L | H 1
4 .6 .8 1.0 1.2 1.4 1.6

Schmidt number, Ns ,

FIGURE 8.—Variation of W with Nseow- (W. is virtually

independent of Np, ».)

large and N, is small and, for ¢, <<¢ep2, Npr w
is large and Ny, ,, is large.

These diffusive effects on the shielding are
explained qualitatively in the following way (fig.
9): the convective shielding is most efficient when
the gas of higher specific heat is transported in
the regions of highest temperature and velocity,
that is, in the part of the boundary layer farthest
from the wall.

Equation (25) shows that when N, ,, is large
the velocity boundary layer is thicker than the
thermal boundary layer and thus more of the
hot gas mixture is convected. When ¢, ,>c, .
and Ng., 1s small, equation (35) shows that the
concentration-boundary-layer thickness is greater
than the velocity-boundary-layer thickness—that
is, the foreign gas of higher specific heat diffuses
quickly through the boundary layer before being
convected. On the other hand, when ¢,,<c,,
and N, , 1s large, the foreign gas remains near
the wall and displaces the air of higher specific
heat into the hot fast region where it is convected.

An important consideration in any cooling sys-
tem is the weight penalty which is incurred in
order to maintain the wall at a desirable tempera-
ture. The relation between the rate of mass flow
m and the temperatures 7%, T,, and T, is obtained
by substitution of the expressions

g=cp (Tp—T)m
and

1 (Nywu
1= Te= T a7 ()

LY pProw

(from eqs. (6) and (13), respectively) into equa-
tion (41). This substitution results in the follow-

ing expressions (whon either equation (18) or

-
> 172 :
bw’ 0

pette \' AT —0.8 1/2 —_
0.765 _p " l\Pr.w (Pw#wc) cp,2(Te Tw)

ey (To—To)+¢,(T—T.,)

cquation (19) is used for

For axisymmetric flow,

m:

(45)
and for two-dimensional flow,

() _
Cp,l(Tw— Tc) +EP(T_ Tw)

perte \O* ~
0.570 (—EL) 4 ‘TPr. wwo'ﬁ(pw/“‘wo)l/ch, 2(Te_ TW)
m:

(46)
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Hot fast region

_-Air

Gas - - i
Cold slow region (a)
N \T
Hot fast region
Gas-.
Cold slow region
) (b)
NSNS N

(a) cp2>cp,; maximum shielding when Np, . is large and Ng.,, is large.

B) ¢,.1>¢,,; maximum shielding when Np,,. is large and N, is small.

Ficure 9.---Qualitative deseription of the shielding mechanism.

U
7o
Sy T
¥ B
Ty w,,
U
T
3
8y
87
)
Tw
where _
Cr=Cp W+ (1— W) 47)

Probably the most important parameter is the
total effective heat capacity I, of the coolant;
this parameter is a measure of the total heat
absorbed when unit mass of the coolant is used
and is defined as

Hoy=%—c, (T,~T)+5,(T—T0)  (43)

METHOD OF CALCULATION OF RATE OF MASS
INJECTION

The problem of most interest from practical
considerations is that of determining the rate of
mass injection m mnecessary to achieve a desired
wall temperature T, when the stagnation temper-
ature T, and the coolant temperature 7', are given.
This calculation is made complicated by the de-
pendence of the mean specific heat ¢, (required for

eq. (45) or eq. (46)) on the rate of mass injection;
both these quantities depend on the concentration
W,. {Sce eqs. (47), (42), and (35).)

The following method, however, gives results
with relatively little computation:

(1) The parameters Np, , and N, are found
in terms of W, for the particular binary mixture
under consideration. (Simple empirical methods
are given in ref. 6.)

(2) Equation (43)

T—7T,_,_1
T.—T, = 3

Ar]’r, w~0.6

is used to give T (fig. 7).
(3) Equation (42)

ﬁ?_ I—KNSC_ w0'6
- 1
1L Ny, 00
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is used to give lT(ﬁg. 8).
(4) Equation (47)

To=Cp W +c, ,(1—W)
then gives ¢, (fig. 10).

0.4
(5) Aplot of )”2 (p"'y“') against W, can

Pele
now be made flOIll the results of the substitution
of equations (43), (42), and (47) into cither equa-
tion (43) or equation (46).

0.4
Pl .
(6) A second plot of — (e C)”‘ (p.;m) against

W, can be obtained as a result of converting
equation (36) into the following form for the
axisymmetric case:

0.765W,

m Pubrw
(pwpr)”z ( Pelbe ) 1 - (49)
Sc w b I‘

or into the following form for the two-dimensional
case:

M (el 0.570W,
(P u‘#wﬂ) 1 < Pelde > ] (50)

Scw'—‘nr

The interscetion of the curves found in steps

Cp
Cp,2

)

Ratio of mean specific heat to air specific heat,

2
0.5
1 I ! i _
0 2 4 6 8 10
Effective mean conceniration of foreign gas, W
Ficure 10.—Variation of —= with W for various values of
Cpa
o,

Cp3

(5) and (6) gives Wy and — " <PM>“.
(pwﬂwo)uz Pelhe

(7) Now, pwue can be found from W, and T,
and p,u, from external conditions; thus, m can be
calculated.

Step (7) may be omitted if the approximation

(P wh w)o' 1 . (E wk w)l 7
Pekde Pelle

is made, in which case — o C’)‘” is given directly by

steps (5) and (6).

Dl

In order to see the main effect of on the

»2
mass-flow requirements for given temperature

parameter values of the Prandtl number

T,—T.
T,—T,
and Schmidt number equal to unity are taken.

Thus, from equation (43)

from equation (40) Kw , and from equation (42)

W:% Using this value for W in equation (47)
gives
- 3 1
Cp:Zcp.l+Zcp.2
Then, equation (45) for axisymmetric flow
becomes
m m Pty
(petC) ™ a2\ popic
_ 0 765
Cp 1 ) b
Cpo T
and cquation (46) for {wo-dimensional flow
becomes
m 0 570
(Peﬂe(j)]m ('pl *7777____ 2>+

The results are shown in figure 11. It is seen
that the required mass flow is reduced by a large

factor for the higher values of ii—l This is
p,2
the higher heating rates

especially true for

(as ;“’__ f‘—>o> inasmuch as the shielding by heat



14 TECHNICAL REPORT R—8—NATIONAL AERONATUTICS AND SPACE ADMINISTRATION

(a) Axisymmetric flow.

Fiaung 11.—Variation of mass-flow parameter with
T.—T, . c
¥ < for various values of —2.
T—Ts Cp.2

convection in the boundary layer is large.
CONCLUDING REMARKS

An approximate analysis has been presented
whereby the reduction in heat transfer near the
stagnation point may be calculated with litile
difficulty when the coolant properties are known.
The agreement with available exact solutions for
air-to-air injection is extremely good in view of the
simple approach employed, and the qualitative
trends of the results for foreign-gas injection in
explaining the shielding mechanism suggest that
the approximate analysis will generally give
reliable results. It is expected that the simplified

Lar

Maoss-flow parameter,

e w

(b) Two-dimensional flow.

Ficure 11.—Concluded.

calculation which shows the dependence of the
coolant mass requirement on wall temperature
and coolant specific heat will provide a good esti-
mate for engineering purposes.

The conelusions of the analysis are summarized
briefly as follows:

Maximum boundary-layer shielding is achieved
when the gas of higher specific heat is convected
in the hot fast-moving part of the boundary layer
farthest from the wall; this requires that the
coolant gas introduced have

(a) High specific heat compared with that of air

(b) High binary diffusivity (that is, small
Schmidt number)

(c) Large Prandtl number,

Of these three properties the first is the most
important, whereas the diffusive effects are of
secondary importance.

LaNnGLEY RESEARCH CENTER,

NATIONAL AERONATTICS AND SPACE ADMINISTRATION,
LaneiLEY Fiewp, Va., July 3, 1958.




APPENDIX

FLOW WITHIN THE POROUS WALL

For the purpose of the present analysis it is
assumed that the wall is uniformly porous and
presents, to the strcam, an area A of solid material
and an area B across which coolant gas is trans-
ported.

The manner in which gas is transported through
the porous material is given by

dW

—pDuWB + pWB = mA+B) (A1)

Diffusion
toward surfaee

Convection
toward
surface

Total gas
transported

since m is the rate of mass introduced per unit
area of body surface.

The air contained in the mixture is transported
according to the following equation:

dy

I

—oD, "B pw(1-W)B  (A2)

Convection
toward surface

Diffusion of air
from surface
since there is no net transport of air into the body
in the steady state. From equations (A1) and
(A2),

prB=m(A+B) (A3)

The equation for transfer of heat within the
porous wall is

1T .
(kA -+ FB) (Ty ey (T—T)m(A+B)
(A4)
Conduction into solid Rate heat absorbed
and coolant by coolant
Equation (A4) may be written

~dT .

k @zc,,,l(T— Tom (A5)
where & is a mean value of the effective thermal
conductivity FoA 4B, Similarly, equation (A2)

e ¥ A+B > Yy, equa
504995 60-—3

may be wrilten (by using eq. (A3)) as

Dy, ‘%:;;ﬂr (A6)

where pD,; is a mean value of QDI%
Equations (A5) and (A6) have solutions (similar
in nature) of the form

T=T,+(To—T,)e (A7)

which satisfies the condition T—T, as y—>— o,
and
T

———'}
We=1—(1—TW)e *Pr2

(A8)

A characteristic thickness 6, may be defined as

- T-T. Jy— k

0 Tw_Tc mep 1

Op= (A9)
in which the temperature difference 7— T, changes
by an amount ¢ (T, —T7).

Similarly, the concentration W changes from
1V, at the surface to the value 1 in a layer of
thickness iy (within the porous wall) where

(e 1=W *P—Dlz
"W—fu W, W

(A10)

It is seen that both thicknesses depend on the ratio
%- It is desirable to limit the relatively high
temperature region within the wall to a narrow
region near the surface; the specific heat ¢, must
be large and & must be small, that is, both %, and
k should be small. Considerations of the bound-
ary-layer flow outside the wall also lcad to the
conclusion that the specific heat ¢,; should be
large and % should be small (so that the Prandtl
number may be as large as possible). Thus,
these requirements result in two desirable features:
(a) Confinement of the high temperatures
15
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within the body to a narrow region near the sur-
face and

(b) Maximum convection of heat away from
the stagnation point (as shown in the body of the
report)

The conditions at the surface as it is approached
from within the wall are given as follows:
From equations (A2) and (A3)

_(ppm Ey>w_B_(l—H A+ B) (AlD)
and from equation (A4)
AT . _
oA+ (§), =rs( T TI(ASB)

(A12)

where the subscript w— denotes that the surface
is approached through negative values of . The
rate of heat transfer from the stream boundary

Jayer is (k %) (A4B) so that the boundary

condition (eq. (A12)) becomes

dT .
(lc %}wvc,,,lm,— Ty

T
Thus, there is a discontinuity in c]l_/ at the surface

(A13)

when k,#=k,.

Similarly, the condition of no net transfer of air
to the body is given by

(oD “’”) (A4 B)=(1—W)puru(A+B)
(A14)

obtained when the surface is approached through
positive values of y. Since

Pw—vw—:mzpwvw

equation (A14) may be written as

(pDIQ S O (A15)

Tt is noted that » is discontinuous since there is a
discontinuity in the area available for convection

. . B .
given by the ratio A D The concentration

. W, . .
gradient % is also discontinuous for the samc

reason; this is expected by analogy with the tem-

perature gradient dT. Equations (A13) and (A15)

dy
are seen to be identical with equations (3) and (2)
when evaluated at the wall.
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